We characterize the pairs of weights (w, v) for which the modified
Introduction
The purpose of this paper is to study weighted weak type inequalities for the modified Hardy operator T acting on measurable functions f : (0, ∞) → R and defined by
where g is a nonnegative measurable function on (0, ∞). Examples of these operators are the Hardy operator 1 x x 0 f (y) dy and the operators x α x 0 f (y) dy which have been extensively studied in the last twenty years.
Muckenhoupt [Mu] and Bradley [B] studied the weighted strong type inequality (p, q) with 1 ≤ p ≤ q in the case g(x) = 1. If w and v are nonnegative measurable functions then the result in [B] implies directly that the weighted strong type inequality
However, the characterizations of the weighted weak type inequalities
for 1 ≤ p ≤ q and general g cannot be deduced directly from the corresponding ones for g(x) = 1. These characterizations can be found in [F] , [AM] , [S] , [MOS] . Weighted weak type inequalities for p < q and an operator of similar generality have been studied in [MT] . We are interested in the case 1 ≤ q < p < ∞. As before, the weighted strong type inequality (1) for general g can be obtained from Maz'ja's result [Ma] which characterizes the pairs of weights if g = 1. In this way it is proved that if 1 ≤ q < p < ∞ then (1) holds if and only if
where 1/r = 1/q − 1/p and 1/p + 1/p = 1 = 1/q + 1/q , which clearly means that the function
belongs to L r (v 1−p ). By duality arguments or integrating by parts, one can see that the above condition is equivalent to the fact that the function
belongs to L r (w). Therefore, the characterization of the weighted strong type inequality for T can be stated as follows:
Theorem A ([Ma]). Let 1 ≤ q < p < ∞ and let w, v, g, T and Λ be as above.
Then (1) holds if and only if Λ ∈ L r (w).
As far as we know, the problem of characterizing the pairs of weights for which inequality (2) holds in the case 1 ≤ q < p < ∞ is not solved even if g(x) = 1/x. Our results solve this problem for monotone g. If g is a monotone function we are able to give an easy characterization which is related to the condition in Theorem A. This characterization is in the following theorem. Before stating the result, we need some notation: if f is a measurable function on (0, ∞) we write f r,∞;w = sup λ>0 λ {|f |>λ} w 1/r and we denote by L r,∞ (w) the set of all measurable functions such that f r,∞;w is finite. Theorem 1. Let 1 ≤ q < p < ∞ and let r, w, v, g and T be as above. Assume also that g is a monotone function on (0, ∞). Then the following statements are equivalent:
(a) There exists C > 0 such that
Remarks.
(1) Let Ψ be the function in Theorem 1. If g is decreasing then
(2) Let g be a monotone function. If Λ and Ψ are the functions in Theorems A and 1 respectively, then Ψ ≤ Λ and therefore Λ ∈ L r (w) implies directly condition (c) in Theorem 1, i.e., the condition characterizing the strong type inequality implies easily the condition characterizing the weak type inequality.
Our characterization allows to give non-trivial examples of pairs of weights for which the operator T is of weak type but is not of strong type.
Consider the functions Λ and Ψ in Theorems A and 1. Then, up to constants, Λ(x) = x γ , where γ = 2 p − 1 + (p − 1)(1 − 2 q ) and Ψ(x) = x − 2 r . It is clear that Λ ∈ L r (w). On the other hand, it is easy to see that a potential function x α belongs to L r,∞ (w) if and only if α = − 2 r . Therefore, Ψ ∈ L r,∞ (w) and Λ ∈ L r,∞ (w). These facts imply that the operator T f(x) = x −1 x 0 f is not of strong type (p, q) but it is of weak type (p, q) with respect to the measures given by the weights w and v.
Moreover, the preceding example shows that the weighted weak type (p, q) inequality for T is not characterized by the fact that Λ ∈ L r,∞ (w), as could be expected after Theorem A.
If g is increasing then the fact that h(x) =
x 0 f is also increasing allows us to obtain an easier condition with a simpler proof. This appears in the following theorem:
Theorem 2. Let 1 ≤ q < p < ∞ and let r, w, v, g and T be as above. Assume also that g is an increasing function on (0, ∞). Then the following statements are equivalent:
Observe that Theorem 1 solves the problem for the modified Hardy operators considered in [AM] and [S] .
The proofs of the theorems appear in the following sections. In these proofs we use ideas of the paper [Q] where weighted weak type inequalities (p, q) with q < p have been studied. We also use some techniques that were introduced in [M] which have been already applied in [MOS] .
It is worth noting that similar results can be obtained for the operator g(x) ∞ x f . Throughout the paper, the letter C will mean a positive constant not necessarily the same at each occurrence.
Proof of Theorem 1
(a)⇒(b). We may assume that w and v 1−p are integrable functions since the general case follows from this by a limit argument.
We have to prove that 
Let K be a compact set contained in S λ . Then there exist (a z1 , b z1 ), . . . , (a z k , b z k ) which cover K. We may assume that j χ (az j ,bz j ) ≤ 2χ ∪j (az j ,bz j ) .
Let f be the function on (0, ∞) defined by
Therefore, the set ∪ k j=1 (a zj , b zj ) is contained in the set {x ∈ (0, ∞) : T f(x) ≥ 1}. Then the weak type inequality in (a) and (3) gives By the definition of Ψ r,∞;w , the first term on the right-hand side can be dominated as follows: To estimate the second term, let us consider the decreasing sequence {x k } defined by x 0 = ∞ and
x k
x k+1 f =
x k+1 0 f . Then we have that
x k 0 f = 4
x k+1
x k+2 f for all k. For each k, let E k = (x k+1 , x k ) ∩ O λ ∩ {x : Ψ(x) ≤ λ q/r }, α k = inf E k and β k = sup E k . Observe that if x ∈ E k then λ < g(x)
x 0 f ≤ g(x)
x k 0 f = 4g(x)
x k+2 f.
